MULTIPLICITY FREE REPRESENTATIONS OF FINITE GROUPS GEORGE W. MACKEY
Introduction. Wigner in [5] has defined a finite group & to be simply reducible if (a) every conjugate class in ^ is self inverse and (b) for each two irreducible representations L and M of & the Kronecker product L(x)Λf is a direct sum of inequivalent irreducible representations. The principal result of [5] is a curious purely group theoretical characterization of simply reducible groups. For each x e ^ let v(x) denote the number of elements of g^ which commute with x and let ζ(x) denote the number of solutions of the equation y^-x. Then g 7 is simply reducible if and only if Σ*eGK#) 2 =Σ*eGC(#) 3 As the author has shown in [3] this result may be "explained" as follows. Let gf 3 be the diagonal subgroup of ^ x 2^ x S^% that is the set of all x, y, z with x=y=z. Then it is easily seen that the number of g^3 : g^3 double cosets in & x g 7 x & is equal to Σ^e^ί^) 2 while the number of self inverse gf 3 : g^3 double cosets in ^ x gf x gf is equal to Σ*eί?C(^) 3 Thus Wigner's condition is equivalent to the condition that every g? 3 : gf 3 double coset be self inverse. On the other hand if iJis an arbitrary subgroup of the finite group & and U 1 is the corresponding permutation representation of <& one can prove that every H: H double coset is self inverse if and only if each irreducible component M j of U τ occurs with multiplicity one and is such that the intertwining operators of Mj with Mj are symmetric. This result is a corollary of a general theorem on anti-symmetric intertwining numbers for induced representations and certain elementary lemmas. It leads easily to Wigner's theorem when applied to <& x g? x ^ and its diagonal subgroup. Now of the two conditions in the definition of simple reducibility (b) is much the more interesting. Moreover, as we shall see, there are examples of groups which satisfy (6) and not (a). This suggests looking for a generalization of Wigner's theorem in which (a) is dropped or weakened. The way to such a generalization is suggested by the considerations of [3] and a simple observation which plays a vital role in Gelfand's work [1] [3] on U 1 cited above, we are led at once to consider the possibility of rewriting [3] with x~ι replaced in appropriate places by x a thus obtaining the indicated generalization of Wigner's theorem as well as a converse for the Gelfand observation.
It is the purpose of the present note to show that this rewriting can be done. It turns out that the necessary arguments differ but little from their counterparts in [3] . Accordingly the emphasis will be on the formulation of definitions and results and insofar as possible the reader will be referred to [3] for detailed proofs. We shall make no attempt to generalize Theorems 1 and 2 or § § 5 and 6 of [3] . 7 α , U) is the dimension of the space of all intertwining operators T such that T*=-T. These two dimensions will be referred to respectively as the symmetric and anti-symmetric intertwining numbers of U a with U. Their sum as usual will be call the intertwining number of U a with U.
LEMMA 1. If U and V are representations of %7 and U+V denotes their direct sum, then v)
Proof* The corresponding proof in [3] proceeds through symmetric and anti-symmetric Kronecker products and hence does not apply here. However, it is readily converted into a direct proof which generalizes immediately to the situation at hand. 2. Multiplicity-free permutation representations. Let / be the onedimensional identity representation of the subgroup G of the finite group g^. As in [3] we shall denote by U 1 the representation of gî nduced by /, that is, the permutation representation of ^ defined by G. Proof. See proof of Lemma 5 of [3] .
We shall suppose henceforth that J?~ is algebraically closed and that the characteristic of ^ does not divide the order of gf. Hence in particular every representation U of 5f will be a direct sum of irreducible representations. When these irreducible components are mutually inequivalent, we shall say that U is multiplicity-free. Proof. The equivalence of (a) and (b) follows at once from Lemma 5. On the other hand, it is easy to verify that U 1 and (U I ) a are equivalent. Hence, when we apply Lemma 6 to Z7 J , alternative (b) is impossible, and the equivalence of (a) and (c) follows at once. The truth of Theorem 2 follows at once.
COROLLARY (of proof). The theorem remains true if the hypothesis that G°=G is replaced by the hypothesis that (
3. Generalizations of Wigner's condition. We define v(x) for xe&, just as in [3] , [5] and the introduction to the present paper. We replace the function ζ however by a function ζ a which we define as follows. For each xe %?, ζ a (x) is the number of elements z in gf or which z(z a )' 1 = x. Theorem 5 of [3] relating Σ v(x) n to the number of g^n+i : S^n+L double cosets in S^n +1 can be used just as it stands but we need a generalization of Theorem 6 giving us information about Σ*e5^Cα0ε) w+1 .
Here S?n + ι is the direct product of 2^ with itself n+1 times and §s n+ i is the "diagonal" subgroup of g^w +1 . are in the same & n+ί : %? n +i double coset then x x x n i\ 9 #»#»+}, and y λ y n lX f * * 9 y n Vn+i are in the same orbit in gf ". The mapping so defined is easily seen to be one-to-one and onto from double cosets to orbits and to carry the a invariant double cosets onto the a invariant orbits. Thus (b) and (c) are equal. We now apply Lemma 6 of [2] with 2f = SΓ«, y(x l9 x %9 -, x n ) = y'%y, V^xfl, , V' ι x^, and T(x λ x i9 , α n ) = #Λ %*t i # w α . (In the statement of the lemma, it is assumed that Γ commutes with y for all 2/ and this condition does not hold here. However, the proof continues to hold under the weaker hypothesis that T takes each orbit in S into itself and that condition does hold here. We remark that the proof in question contains a typographical error. In the second line from the bottom on page 399, T(s) should be followed by "is not" rather than "is".) Here p(y) is the number of x l9 x i9 • , x n such that y^xflj-otfj for j = l, 2, , n. 
